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Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis

Jean Le Rond D’Alembert
[1717 -1783]

The wave equation (1747)

D’Alembert’s solution to the
wave equation 

1747

1800

1900



Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis

Leonhard Euler
[1707 -1783]

Jean Le Rond D’Alembert
[1717 -1783]
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Daniel Bernoulli
[1700 -1782]

Bernoulli’s solution to the wave equation 
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Initial position
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Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis
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Leonhard Euler
[1707 -1783]

Daniel Bernoulli
[1700 -1782]



Leonhard Euler
[1707 -1783]

Formula for the coefficients (1777)
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Jean-Baptiste Joseph Fourier
[1768 -1830]

Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis
1747

1800

1900

1822



Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis
1747

1800

1900

1822



Early Stages of Fourier AnalysisEarly Stages of Fourier Analysis

Fourier’s Theorem
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Fourier’s Theorem proof attemptsFourier’s Theorem proof attempts

Siméon Denis Poisson
[1781 - 1840]

Augustin-Louis Cauchy
[1789 - 1857]

One proof attempt in 1820 but
not rigorous enough

Two proof attempts (1826 &
1827) but not rigorous enough 
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1827



On the convergence of trigonométric series that

represents an arbitrary function between given limits.

(By Mr. Lejeune-Dirichlet, mathem. prof.) 

January 1829

Dirichlet’s 1829 paperDirichlet’s 1829 paper

Peter Gustav Lejeune Dirichlet
[1805 - 1859]
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Cauchy’s use of the LCT:

Dirichlet’s 1829 paperDirichlet’s 1829 paper

Dirichlet’s counterexample:
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Peter Gustav Lejeune Dirichlet
[1805 - 1859]

Used trigonometric identities to
prove convergence (Dirichlet

Kernel)

On the convergence of trigonométric series that represents an arbitrary function
between given limits, page 166, Dirichlet, 1829

Dirichlet’s 1829 paperDirichlet’s 1829 paper
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Peter Gustav Lejeune Dirichlet
[1805 - 1859]

Dirichlet’s Conditions

Dirichlet’s 1829 paperDirichlet’s 1829 paper
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Peter Gustav Lejeune Dirichlet
[1805 - 1859]

Dirichlet’s 1829 paperDirichlet’s 1829 paper
Dirichlet’s Function : 

A non-integrable function

Figure taken from Understanding Analysis by Stephen Abbott
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Peter Gustav Lejeune Dirichlet
[1805 - 1859]

Dirichlet’s 1829 paperDirichlet’s 1829 paper

Dirichlet’s definition of Functions
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On the possibility of representing a function by a

trigonometric series;

By B. RIEMANN. 

Published, from the author’s paper, by R. DEDEKIND.
(Translated from german.)

Written in 1854, published in 1867

Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

Links to the principles of Infinitesimal
Calculus

Applications to Number Theory

Motivations for Riemann’s work
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

Two classes of convergent series

Absolute
convergence

Conditonal
convergence
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

Two classes of convergent series

Absolute
convergence

Conditonal
convergence

Riemann’s Rearrangment  Theorem
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

We can now integrate function
with infinitaly many dicontinuities 
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Riemann’s integral and functionsRiemann’s integral and functions  
Riemann’s Pathological Function
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Riemann’s integral and functionsRiemann’s integral and functions  
Riemann’s Pathological Function
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

If a function is integrable, it does not
necessarily imply that it has finitely

many maximas and minimas
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

If a function has finitely many
maximas and minimas, it is integrable

If a function is integrable, it does not
necessarily imply that it has finitely

many maximas and minimas
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Riemann’s integral and functionsRiemann’s integral and functions  

Bernhard Riemann 
[1826 - 1866]

Riemann-Lebesgue Lemma
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Riemann’s integral and functionsRiemann’s integral and functions  

Infinitely many maximas and minimas

Integrable

Divergent Fourier Series
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Riemann’s integral and functionsRiemann’s integral and functions  

Not Integrable

Convergent Fourier Series
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Riemann’s integral and functionsRiemann’s integral and functions  

Fourier series

Coefficients do not converge to zero

Series converges on a dense subset of      
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Analytic monsters...Analytic monsters...

Thomae’s function (1875)Weirstrass’s function (1872)
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

Heinrich Eduard Heine
[1821 - 1881]

18691869
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year ...The following year ...
18701870

Cantor’s Unicity Theorem
(First Edition)
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year ...The following year ...
18711871

Cantor’s Unicity Theorem
(Second Edition)
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year ...The following year ...
18721872

Creation of the Real Numbers
from the Rational Numbers
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Neighborhoods

1747

1800

1900

1872



Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Limit Points

Neighborhoods

1747

1800

1900

1872



Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Limit Points

Isolated Points

Neighborhoods
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Derived System
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Derived System

Derived System
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Derived System

Derived System

System of the        species
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18721872

Cantor’s Unicity Theorem
(Final Edition)
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year...The following year...
18731873

Julius Wilhelm Richard
Dedekind

[1831 - 1916]
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year...The following year...
18741874

Cantor’s First Power Theorem
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

The following year...The following year...
18741874

Cantor’s First Power Theorem
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Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

3 years later...3 years later...
18771877

Cantor’s Second Power Theorem
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FONDATIONS OF A GENERAL SET THEORY

By G. CANTOR

Cantor’s study of setsCantor’s study of sets

Georg Ferdinand Ludwig Philipp
Cantor

[1845 - 1918]

18821882
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From Lebesgue to nowFrom Lebesgue to now

Guiseppe Peano
[1858 - 1932]

Camille Jordan
[1838 - 1922]

Emile Borel
[1871 - 1956]
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Henri Léon Lebesgue
[1875 - 1941]
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19001904
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Riesz-Fischer Theorem (1907)

Frigyes Riesz
[1880 - 1956]

Ernst Sigismund Fischer
[1875 - 1954]

1747

1800

1900
1907 Carleson’s Theorem (1966)

1966

Lennart Axel Edvard Carleson
[1928 - alive and well)

From Lebesgue to nowFrom Lebesgue to now



The End


